probe the primordial spectrum of small-scale curvature perturbations that reenter the cosmological horizon during radiation domination epoch. We numerically solve the evolution of spherically symmetric highly perturbed configurations to clarify the criteria of PBHs formation using a wide class of curvature profiles characterized by five parameters. It is shown that formation or non-formation of PBHs is determined essentialy by only two master parameters.
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The 10th International Symposium on Cosmology and Particle Astrophysics (CosPA2013) Honolulu, Hawai'i, November 12-15, 2013 I. INTRODUCTION It is well known that a region with large amplitude curvature profile can collapse to a primordial black hole (PBH) [1, 2] . PBHs are formed soon after the region enters the cosmological horizon during the radiation-dominated epoch.
Even if PBHs would never have been detected, existing observational constraints [3] will provide valuable information on inflationary cosmological models. It is important to probe the perturbation spectrum on significantly smaller scales as well in order to obtain more helpful information to single out the correct inflation model.
Originally the problem of PBH formation was studied analytically [4, 5] :
where δ hc is the energy density perturbation averaged over the overdense region evaluated at the time of horizon crossing. This criterion has long been used in papers on theoretical prediction of PBH abundance (but has recently been refined in [6] ). In this simple picture, the dependence on the profile or shape of perturbed regions has not been taken into account.
However, recent numerical analyses have shown that the condition for PBH formation does depend on the profile of perturbation [7, 8] (see also [9, 10] ). Both [7] and [8] (hereafter PM) used two-parameter families of the initial profile and obtained two parametric conditions of PBH formation. It was clear from the above publications that one parametric description was not sufficient. However it was not clear whether the two-parametric description is good enough. In the present paper, we extend these preceding analyses by making many more numerical computations of PBH formation based on the initial curvature profile including many more parameters, adopting the five-parameter family of profiles. We show that the criterion of PBH formation can still be expressed in terms of two crucial (master) parameters, even though the considered profiles belong to the five-parametric family.
The metric used can be written in the form used by Misner and Sharp [11] :
where R, a and b are functions of r and the time coordinate t. We consider a perfect fluid with the energy density ρ(r, t) and pressure P (r, t) and a constant equation-ofstate parameter γ, P (r, t) = γρ(r, t). We express the proper time derivative of R as
with a dot denoting a derivative with respect to t.
We define the mass, sometimes referred to as the Misner-Sharp mass in the literature, within the shell of circumferential radius R by
We consider the evolution of a perturbed region embedded in a flat FriedmannLemaitre-Robertson-Walker (FLRW) Universe with metric
which is a particular case of (2). The scale factor in this background evolves as
where t i is some reference time.
The background Hubble parameter is
The energy density perturbation is defined as
This quantity K(t, r) vanishes outside the perturbed region so that the solution asymptotically approaches the background FLRW solution at spatial infinity.
We denote the comoving radius of a perturbed region by r i , the precise definition of which will be given later (see eq. (12)), and define a dimensionless parameter ǫ in terms of the square ratio of the Hubble radius H −1 0 to the physical length scale of the configuration,
When we set the initial conditions for PBH formation, the size of the perturbed region is much larger than the Hubble horizon. This means ǫ ≪ 1 at the beginning, so it can serve as an expansion parameter to construct an analytic solution of the system of Einstein equations to describe the spatial dependence of all the above variables at the initial moment when we set the initial conditions. In this paper, the second order solution, obtained in [12] (hearafter PNY), is basically used to provide the initial conditions for the numerical computations.
We define the initial curvature profile as
where K i (r) is an arbitrary function of r which vanishes outside the perturbed region.
We normalize radial Lagrangian coordinate r in such a way that K i (0) = 1.
In order to represent the comoving length scale of the perturbed region, we use the co-moving radius, r i , of the overdense region. We can calculate r i by approximately solving (see PNY) the following equation for the energy density perturbation defined by (8):
III. TWO MASTER PARAMETERS CRUICIAL FOR PBHS FORMATION
We now proceed to our full analysis (for more details, see [13] ) introducing the following function
which can represent various shapes of profiles using the five parameters as is shown in Figure 1 . This function not only includes those investigated in previous work but also enables us to investigate new shapes of profiles.
It turned out that a relatively clear separation between configurations which collapse to PBHs and those which do not is obtained by the following combination:
and 
where σ min is chosen to search only the profiles relevant to revealing the PBH formation condition and n = 1, 2, 3, 4, 5. As is seen there the condition for PBH formation can be quite well described by the following fitting formula: Note that for the larger values of ∆, the threshold value for PBH formation I is smaller. This is because when ∆ is larger, the pressure gradients are smaller and in addition gravity is relatively stronger even away from the centre, in which case gravity near the centre, measured by I, needs not be so large compared to cases with a smaller ∆. Put differently, for I 0.43 ≡ I cr , profiles with a smaller ∆ do not result in PBH formation because the pressure gradient is so large that the gravitational collapse is hindered. The dashed line in Figure 2 corresponds to the Carr's condition eq.(1).
IV. CONCLUSION
In this paper we have presented the results of numerical computations of the time evolution of a perturbed region after the horizon re-entry. The initial conditions for these numerical computations were given using an analytical asymptotic expansion technique developed in our previous paper. By calculating the time evolution of various initial perturbations, the condition for PBH formation has been investigated.
We have extended preceding analyses by performing many more numerical computations of PBH formation based on the initial curvature profiles characterized by five parameters which not only reproduce the variety of profiles near the centre but also incorporate the possible extended features in the tail region (see eq. (13)).
We have shown that the criterion of PBHs formation can still be expressed in terms of two crucial (master) parameters which correspond to the averaged amplitude of over density in the central region and the width of transition region at outer boundary.
As is shown in Figure 2 , this is the case even though our profiles are characterized by as many as five parameters. We have also provided a reliable physical interpretation of the two-parametric criterion. 
FIG. 2:
The PBH formation condition for the profiles represented by (13) . The blue and red points correspond respectively to the profiles which lead to the black hole formation and those which do not. The shaded region labelled "unphysical" corresponds to the profiles which do not satisfy K i (r) < 1/r 2 and therefore are unphysical. The profile used as an example of the PBH-forming cases in this paper corresponds to the yellow star in this figure. The dashed line corresponds to the Carr's condition.
